Pre-big bang geometric extensions of inflationary cosmologies by Klein, David & Reschke, Jake
Pre-big bang geometric extensions of
inflationary cosmologies
David Klein1 and Jake Reschke2
Robertson-Walker spacetimes within a large class are geometrically extended
to larger cosmologies that include spacetime points with zero and negative
cosmological times. In the extended cosmologies, the big bang is lightlike,
and though singular, it inherits some geometric structure from the original
spacetime. Spacelike geodesics are continuous across the cosmological time
zero submanifold which is parameterized by the radius of Fermi space slices,
i.e, by the proper distances along spacelike geodesics from a comoving
observer to the big bang. The continuous extension of the metric, and the
continuously differentiable extension of the leading Fermi metric coefficient
gττ of the observer, restrict the geometry of spacetime points with pre-big
bang cosmological time coordinates. In our extensions the big bang is two di-
mensional in a certain sense, consistent with some findings in quantum gravity.
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1 Introduction
The big bang singularity in general relativistic cosmologies can be considered
from a variety of perspectives. In quantum gravity theories the singularity can
be eliminated, with the big bang preceded by a big crunch or arising through
other scenarios [1, 2, 3, 4, 5]. Some investigations suggest that dimensional
reduction may be a fundamental feature of quantum gravity with the effective
dimension of spacetime points at sufficiently small scales decreasing to d = 2
[6, 7].
The geometry near the singularity and possible pre-big bang scenarios have also
received attention from a classical perspective. Penrose and other researchers
have approached this through conformal geometric methods [8, 9, 10, 11, 12],
and dynamics near and through the big bang have also been investigated [13].
In this paper, using the framework of general relativity, we show that Robertson-
Walker spacetimes with big bang singularities can be extended to larger cosmolo-
gies that include points which, in a natural way, may be assigned negative or
zero cosmological times. Our approach begins with the observation that cosmo-
logical time along spacelike geodesics orthogonal to the worldline of a comoving
observer decreases monotonically, and the geodesics terminate in finite proper
distance at the big bang (c.f. [14, 15]). One should therefore be able to construct
larger cosmologies by extending these geodesics further, while at the same time
preserving some continuity and differentiability properties of the metric ten-
sor. In the language of coordinates, Fermi charts of comoving observers are
extended beyond their maximal domains in standard big bang cosmologies in
such a way as to preserve certain properties of the metric, thus giving some ge-
ometric structure to the big bang singularity and pre-big bang spacetime points.
The basic idea is illustrated with the prototype example of the Milne Universe
in two spacetime dimensions. The line element in curvature coordinates is,
ds2 = −dt2 + a2(t)dχ2, (1)
where in this case the scale factor a(t) = t. The formulas τ = t coshχ and
ρ = t sinhχ, with τ > |ρ|, transform (t, χ) to Fermi coordinates (τ, ρ) of the
comoving observer at χ = ρ = 0 [14], and the metric in (τ, ρ) coordinates
becomes,
ds2 = gττdτ
2 + dρ2 (2)
≡ −dτ2 + dρ2, (3)
i.e., the Milne Universe is diffeomorphic to the interior of the forward lightcone
in Minkowski spacetime. Eq.(2) gives the form of the metric in Fermi coordi-
nates for a general class of scale factors so that in general ρ is proper distance
along spacelike geodesics at fixed proper time τ (see [14, 15]).
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In the original curvature coordinates, the metric of Eq.(1) is degenerate at the
big bang, t = 0, a coordinate singularity, but this is not the case for Eq.(3),
nor as we will prove for Eq.(2), provided τ > 0, for the case of more gen-
eral Robertson-Walker cosmologies which have coordinate-independent curva-
ture singularities at t = 0.
In the (τ, ρ) Fermi coordinates for the Milne Universe, spacelike geodesics or-
thogonal to the path of the comoving observer are horizontal straight lines within
the forward light cone of Minkowski spacetime as depicted in Fig.1. The dotted
parts of the horizontal line in Fig 1 are extensions of the proper distance coor-
dinate, ρ, beyond the lightcone boundary of the Milne Universe at cosmological
time t = 0.
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Figure 1: The Milne Universe in Fermi coordinates (τ, ρ) is the interior of the forward
light cone in Minkowski space. The comoving observer’s worldline is the vertical line
ρ = 0. The dashed portion of the horizontal line extends the spacelike geodesic beyond
the Milne Universe to include points with negative cosmological times t.
Cosmological time t — which for notational purposes we shall designate as t0 —
is defined implicitly as a function of τ and ρ through a natural extension of the
inverse Fermi coordinate transformation t0 = t0(τ, ρ) (for the general case see
Eq. (49) below). In this way, t0 ≡ t < 0 on the dotted portion of the spacelike
geodesic in Fig 1.
In this paper, we carry out a similar construction for a class of Robertson-Walker
cosmologies consistent with astronomical observations. In addition to some reg-
ularity conditions, we require the scale factor a(t) to be either inflationary near
the big bang, or that ∞ > a˙(0) > 0, and in four dimensions that the spacetime
is spatially flat. The cosmological time zero submanifold (defined by t0 = 0)
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is lightlike in our extension, and parameterized by the (finite) Fermi radius of
the orginal universe ρMτ (see Eq.(14)). In general the extension of the metric
is not twice continuously differentiable, but continuity is retained along with
existence and continuity of the partial derivatives of the nonvanishing leading
metric coefficient gττ (and gρρ is constant).
Our construction is purely geometric and coordinate independent, but Fermi co-
ordinate charts play a useful role because that coordinate system is geometrically
constructed. To define Fermi coordinates, consider a foliation of some neighbor-
hood U (which might be the entire spacetime) of a comoving observer’s world-
line, β(t), by disjoint Fermi spaceslices {Mτ}. To define Mτ , let ϕτ :M→ R
by,
ϕτ (p) = g(exp
−1
β(τ) p, β˙(τ)), (4)
where the overdot represents differentiation with respect to proper time τ along
β, g is the metric tensor, and the exponential map, expp(v) denotes the evalua-
tion at affine parameter 1 of the geodesic starting at point p ∈ M, with initial
derivative v. Now define,
Mτ ≡ ϕ−1τ (0). (5)
In other words, the Fermi spaceslice Mτ of all τ -simultaneous points consists
of all the spacelike geodesics orthogonal to the path of the comoving observer β
at fixed proper time τ .
Fermi coordinates are associated to the foliation {Mτ} in a natural way. Each
spacetime point on Mτ is assigned time coordinate τ , and the spatial coordi-
nates are defined relative to a parallel transported orthonormal reference frame.
Specifically, a Fermi coordinate system along β is determined by an orthonor-
mal frame of vector fields, e0(τ), e1(τ), e2(τ), e3(τ) parallel along β, where e0(τ)
is the four-velocity of the Fermi observer, i.e., the unit tangent vector of β(τ).
Fermi coordinates x0, x1, x2, x3 relative to this tetrad are defined by,
x0
(
expβ(τ)(λ
jej(τ))
)
= τ
xk
(
expβ(τ)(λ
jej(τ))
)
= λk,
(6)
where Latin indices run over 1, 2, 3 (and Greek indices run over 0, 1, 2, 3).
Fermi coordinates may be constructed in a sufficiently small open neighborhood
of any timelike geodesic in any spacetime. The metric tensor expressed in these
coordinates is Minkowskian to first order near the geodesic of the Fermi ob-
server, with second order corrections involving only the curvature tensor [16].
General formulas in the form of Taylor expansions for coordinate transforma-
tions to and from more general Fermi-Walker coordinates are given in [17] and
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exact transformation formulas for a class of spacetimes are given in [18, 19]. Ap-
plications include the study of relative velocities, tidal dynamics, gravitational
waves, statistical mechanics, and the influence of curved space-time on quantum
mechanical phenomena [20, 21, 22, 23, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34].
It was proved in [14] that the maximal Fermi chart (xα,UFermi) for β(t) in a non
inflationary3 Robertson-Walker space-time (M, g), with increasing scale factor,
is global, i.e., UFermi = M. If, on the other hand, (M, g) includes inflationary
periods, there may exist a cosmological event horizon for the comoving observer,
i.e.,
χhoriz(t0) ≡
∫ ∞
t0
1
a(t)
dt <∞, (7)
for some for some t0 > 0 (and hence for all t0 > 0).
4 For Robertson-Walker
spacetimes with a big bang singularity and a cosmological event horizon, it
was proved in [15] under a regularity assumption that the maximal Fermi chart
UFermi consists of all spacetime points within (but not including) the cosmo-
logical event horizon so that the maximal Fermi chart is the causal past of the
comoving observer at future infinity. For cosmologies with no event horizon, it
was shown, for both inflationary and non inflationary models, that the Fermi
coordinate chart is global.
It was also shown in [15] that all spacelike geodesics with initial point on the
worldline β of a comoving observer and orthogonal to β, terminate at the big
bang in a finite proper distance ρMτ , the radius ofMτ . In this sense, as already
noted by Page [35] using Rindler’s observations [36], the big bang is simultane-
ous with all spacetime events.
We show in this paper how the spacelike geodesics and the metric tensor can
be extended to points in a larger spacetime manifold M with zero or negative
cosmological times, analogous to the extensions of the Milne Universe depicted
in Fig 1. For the general case, the extended spacetime5 M can be expressed as
a disjoint union,
M =M+ ∪M0 ∪M−, (8)
where the superscripts indicate respectively that the continuous function t0(τ, ρ)
restricted to the set is positive, zero, or negative. Here M+ = M denotes the
original Robertson-Walker universe. The geometry of the spacetime M− must
3A Robertson-Walker space-time is non inflationary if a¨(t) ≤ 0 for all t.
4χhoriz(t0) is the χ-coordinate at time t0 of the cosmological event horizon, beyond which
the co-moving observer at χ = 0 cannot receive a light signal at any future proper time.
5Here and below, “extended spacetime” should be understood to mean “extended degener-
ate spacetime,” in the sense that the spacetime manifold is extended to a larger manifold, but
the Lorentzian metric in four spacetime dimensions collapses to a two dimensional Lorentzian
metric on the big bang submanifold, to be identified in the sequel.
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be largely undetermined, except for restrictions on the spacetime points close to
the big bang, because of our requirement that gττ be continuously differentiable
acrossM0, that gρρ ≡ 1 and the remaining metric coefficients in four spacetime
dimensions be continuous. The spacetime M can be understood as a smooth
manifold with mild singularities of the Lorentzian metric g onM0 representing
the big bang. From our extension M0 inherits some geometric structure from
the original Robertson-Walker spacetime M.
In two spacetime dimensions, the submanifold M0 defined by t0(τ, ρ) = 0 is
parameterized in two connected components by (τ, ρMτ ), and (τ,−ρMτ ), for
τ > 0, and we show that M0 is lightlike. In four spacetime dimensions, our
extension results in a dimensional reduction of the cotangent bundle at cosmo-
logical time zero (t0 = 0) similar to those described in [6, 7].
This paper is organized as follows. In Section 2, we provide a summary of
results for maximal Fermi charts on Robertson-Walker cosmologies needed in the
sequel. Section 3 reviews relationships and provides a new result on particle and
cosmological horizons. This enables us to avoid mutually exclusive conditions
on the scale factors we consider. Section 4 gives results on the limiting values
of the metric coefficient gττ as cosmological time goes to zero, and shows that
nonvanishing continuous extensions of gττ are possible. Section 5 is the most
technical part of the paper. Here we prove continuity of the partial derivatives
of gττ at the boundary of its domain, the big bang. Section 6 and Section 7
carry out the extensions of the cosmologyM to the larger spacetimeM in two
and four spacetime dimensions respectively. In Section 8 we give examples of
cosmologies and extensions. Section 9 summarizes results and offers concluding
remarks. Section 10 is the appendix and contains the proofs of the lemmas and
theorems in Section 5.
2 Maximal Fermi Charts
This section summarizes results from [14, 15] needed in the sequel. The Robertson-
Walker metric on space-time M =Mk is given by the line element,
ds2 = −dt2 + a2(t) [dχ2 + S2k(χ)dΩ2] , (9)
where dΩ2 = dθ2 + sin2 θ dϕ2, a(t) is the scale factor, and,
Sk(χ) =

sinχ if k = 1
χ if k = 0
sinhχ if k = −1.
(10)
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The coordinate t > 0 is cosmological time and χ, θ, ϕ are dimensionless. Here θ
and φ lie in intervals Ipi and I2pi of lengths pi and 2pi respectively. The values
+1, 0,−1 of the parameter k distinguish the three possible maximally symmetric
space slices for constant values of t with positive, zero, and negative curvatures
respectively. The radial coordinate χ takes all positive values for k = 0 or −1,
but is bounded above by pi for k = +1.
We assume henceforth that k = 0 or −1 so that the range of χ is unrestricted.
The techniques needed for the case k = +1 are the same, but require the ad-
ditional restriction that χ < pi so that spacelike geodesics do not intersect. We
note that k = +1 for the Einstein static universe, for which Fermi coordinates
for geodesic observers are global (except for the antipode, χ = pi) [19].
We assume throughout this paper that the scale factor a(t) is regular, i.e., it
satisfies the following definition [15].
Definition 1. Define the scale factor a(t) : [0,∞)→ [0,∞) to be regular if:
(a) a(0) = 0, i.e., the associated cosmological model includes a big bang.
(b) a(t) is increasing and continuous on [0,∞) and twice continuously differ-
entiable on (0,∞), with inverse function b(t) on [0,∞).
(c) For all t > 0,
a(t)a¨(t)
a˙(t)2
≤ 1. (11)
If in addition the expression in Eq. (11) is bounded below by a constant −K ≤
−1, we call the scale factor a(t) strongly regular.
Example 1. It is easily verified that power law scale factors of the form a(t) =
tα are strongly regular for all α > 0. Scale factors of this form include radiation
and matter dominated universes as well as inflationary universes for the cases
α > 1. Similarly the inflationary scale factor a(t) = sinh t is easily seen to be
strongly regular. A more elaborate example of a strongly regular scale factor is
given by Eq.(118) and is discussed below in Section 8.
Remark 1. Under the assumption that a˙(t) > 0 for all t, and a(t) is regular,
it follows that for any τ > 0, there exists t ∈ (0, τ) such that the inequality
Eq(11) is strict at t, and hence by continuity, on an open interval containing t.
This follows from the observation that equality in Eq.(11) forces a(t) to be an
exponential function which violates Definition 1a.
Let β be the path of the comoving observer with fixed coordinate χ = 0. As a
preliminary step to express the metric of Eq.(9) in Fermi coordinates of β, we
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define coordinate transformation functions. For τ > t0 > 0, define [15, 37]
χt0(τ) =
∫ τ
t0
1
a(t)
a(τ)√
a2(τ)− a2(t) dt. (12)
The function χt0(τ) is the value of the χ-coordinate of the spacetime point
with t-coordinate t0 on the spacelike geodesic orthogonal to β with initial point
β(τ). The proper distance ρ along that geodesic from β(τ) to the point with
t-coordinate t0 is given by,
ρ =
∫ τ
t0
a(t)√
a2(τ)− a2(t) dt. (13)
The proper distance along the geodesic increases as cosmological time t0 de-
creases monotonically to zero. The radius, ρMτ , of the Fermi spaceslice Mτ
(see Eq.(5)) is the proper distance along the spacelike geodesic orthogonal to
the comoving observer β(τ), from β(τ) to the big bang at t = 0. It is given by,
ρMτ =
∫ τ
0
a(t)√
a2(τ)− a2(t) dt. (14)
It is easy to show, [15], that for a regular scale factor,
ρMτ ≤
pi
2
1
H(τ)
, (15)
where H(τ) = a˙(τ)/a(τ) is the Hubble parameter. Moreover, if a(t) is strongly
regular, then
dρMτ
dτ
(τ) =
a˙(τ)
a(τ)
∫ τ
0
(
1− a(t)a¨(t)
a˙2(t)
)
a(t)dt√
a2(τ)− a2(t) > 0, (16)
so that ρMτ is an increasing function of τ (i.e. the Fermi radius of the universe
increases with τ).6 Denote the Fermi coordinates for the comoving observer
β(τ) = (τ, 0, 0, 0) by {τ, x = x1, y = x2, z = x3} according to Eq. (6). Under
the assumption that a(t) is regular, the maximal Fermi chart UFermi ⊂ M is
given by,
UFermi =
{
(τ, x, y, z) : τ > 0 and
√
x2 + y2 + z2 < ρMτ
}
, (17)
and the metric in Fermi coordinates is given by,
ds2 = gττ (τ, ρ) dτ
2 + dx2 + dy2 + dz2
+λk(τ, ρ)
[
(y2 + z2)dx2 + (x2 + z2)dy2 + (x2 + y2)dz2
−xy(dxdy + dydx)− xz(dxdz + dzdx)− yz(dydz + dzdy)], (18)
6A correction to the published theorem giving this result is posted on arXive, see [15].
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where ρ =
√
x2 + y2 + z2,
gττ (τ, ρ) = −a˙(τ)2
[
a2(τ)− a2(t0)
]×[
1
a˙(t0)
√
a2(τ)− a2(t0)
−
∫ τ
t0
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t)
]2
,
(19)
and,
λk(τ, ρ) =
a2(t0)S
2
k(χt0(τ))− ρ2
ρ4
, (20)
for ρ > 0 and λk(τ, 0) = 0. Here, t0 = t0(τ, ρ) is defined implicitly by Eq.(13),
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and Sk is given by Eq.(10). It may be shown [14], that λk(τ, ρ) is a smooth
function of τ and ρ2.
Applying a standard transformation from Cartesian to spherical coordinates in
R3 to the Fermi space coordinates results in the diagonal metric for Fermi polar
coordinates,
ds2 = gττdτ
2 + dρ2 + a2(t0)S
2
k(χt0(τ))dΩ
2, (21)
with Fermi chart,
Upolar = {(τ, ρ, θ, φ) : τ > 0, 0 < ρ < ρMτ , θ ∈ Ipi, φ ∈ I2pi} (22)
Remark 2. In the Milne Universe where k = −1 and a(t) = t, it is easily
verified that gττ ≡ 1 and,
a(t0)Sk(χt0(τ)) = ρ, (23)
where ρ = ρ(τ, t0) according to Eq.(13). Therefore,
lim
t0→0+
a(t0)Sk(χt0(τ)) = lim
ρ→ρ−Mτ
ρ = ρMτ = τ. (24)
Then from Eq.(20),
λk(τ, ρ) ≡ 0. (25)
so Fermi coordinates in the Milne Universe are just the usual Minkowski coor-
dinates.
7The subscript on the cosmological time coordinate t0 is included as a convenience so that
we may use the symbol t as a dummy variable in integral expressions where it arises naturally.
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3 Cosmological and particle horizons
In this section we collect and prove results that relate the existence of particle
horizons and cosmological event horizons to properties of the scale factor a(t)
and its derivatives. A Robertson-Walker spacetime has a cosmological event
horizon if,
χhoriz(t0) ≡
∫ ∞
t0
1
a(t)
dt <∞, (26)
for some t0 > 0 (and hence all t0 > 0). The spacetime has has finite particle
horizon if,
χpart(τ) ≡
∫ τ
0
1
a(t)
dt <∞, (27)
for some τ > 0 (and hence all τ > 0). Part (b) of the following theorem shows
that a finite particle horizon is mathematically impossible if a˙(0+) <∞.
Theorem 1. Let a(t) be a regular scale factor on a Robertson-Walker spacetime
(M, g), where g is given by Eq.(9).
(a) If M has a cosmological horizon, i.e., χhoriz(t0) < ∞ for some t0 > 0,
then
lim
t→∞
t
a(t)
= 0 = lim
t→∞
1
a˙(t)
. (28)
Moreover, M experiences inflationary periods for arbitrarily large cosmo-
logical times, that is, for any N > 0, there exists a non empty open inter-
val (a, b) with a > N such that a¨(t) > 0 on (a, b). However, the condition
a¨(t) > 0 for all t > 0 does not imply the existence of a cosmological event
horizon.
(b) If M has a finite particle horizon, i.e., χpart(τ) < 0 for some τ > 0, then
lim
t→0+
t
a(t)
= 0 = lim
t→0+
1
a˙(t)
. (29)
Moreover,M experiences noninflationary periods for arbitrarily small cos-
mological times, that is, for any δ > 0, there exists a non empty open
interval (a, b) ⊆ (0, δ) such that a¨(t) < 0 on (a, b).
Proof. The proof of part (a) is given in [15]. To prove part (b), observe first that
the right hand side of Eq. (29) follows from the left hand side by L’Hoˆpital’s
rule. Observe that
lim
t0→0+
∫ τ
t0
1
t
1
a(t)
dt =∞, (30)
because limt→0+ 1/a(t) =∞. Also, for τ > t0 > 0,∣∣∣∣I[t0,τ ] t0t 1a(t)
∣∣∣∣ 6 1a(t) , (31)
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for t > 0, where I[t0,τ ] is the indicator function for the interval [t0, τ ]. So, from
the Lebesgue Dominated convergence theorem,
lim
t0→0+
t0
∫ τ
t0
1
t
1
a(t)
dt = lim
t0→0+
∫ τ
0
I[t0,τ ]
t0
t
1
a(t)
dt = 0. (32)
Now using Eqs. (30), (32) and L’Hoˆpital’s rule we have that
lim
t0→0+
t0
∫ τ
t0
1
t
1
a(t)
dt = lim
t0→0+
(∫ τ
t0
1
t
1
a(t)
dt
)
/
(
1
t0
)
= lim
t0→0+
−
(
1
t0
1
a(t0)
)
/
(
− 1
t20
)
= lim
t0→0+
t0
a(t0)
= 0. (33)
Given δ > 0, limt→0+ a˙(t) =∞ implies that a˙(t) cannot be increasing on (0, δ).
Therefore there must be a t ∈ (0, δ) with a¨(t) < 0, and by continuity a¨(t) < 0
on an open interval containing t.
Remark 3. Part b of Theorem 1 shows that a scale factor a(t) with a˙(0+) =∞
such as a(t) = tα for α < 1 is non inflationary at the big bang. Our results
for continuously differentiable extensions of the metric coefficient gττ therefore
exclude such scale factors, but for continuous extensions of the Fermi metric for
this case, see Theorems 3 and 14 below.
4 Limiting values of gττ at the big bang
In this section, we find the limiting value of gττ (τ, ρ) as ρ increases to ρMτ ,
and show that the limiting value is not zero. This will be used in Section 5
to construct a continuously differentiable extension of gττ to a larger spacetime
M (see Eq. (79)). We begin with an alternative but equivalent expression for
gττ (τ, ρ) in Eq. (19). Rearranging terms gives,
gττ (τ, ρ) = −a˙(τ)2
[
1
a˙(t0)
−
∫ τ
t0
a¨(t)
a˙(t)2
√
a2(τ)− a2(t0)√
a2(τ)− a2(t) dt
]2
(34)
Eq.(19) may then be modified by substituting the relation,
1
a˙(t0)
=
1
a˙(τ)
+
∫ τ
t0
a¨(t)
a˙(t)2
dt. (35)
The result is,
gττ (τ, ρ) = −
[
1− a˙(τ)
∫ τ
t0
a¨(t)
a˙(t)2
(√
a2(τ)− a2(t0)√
a2(τ)− a2(t) − 1
)
dt
]2
. (36)
The following lemma slightly generalizes a result in [15] to the case t0 = 0.
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Lemma 1. Let a(t) be a regular scale factor. Then for 0 ≤ t0 < τ ,
∫ τ
t0
a¨(t)
a˙(t)2
[
a(τ)√
a2(τ)− a2(t) − 1
]
dt <
∫ τ
t0
1
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
dt
<
1
a˙(τ)
.
(37)
Proof. The first inequality follows from Definition 1c and Remark 1. For the
second inequality,
∫ τ
t0
1
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
dt =
∫ τ
t0
1
a(t)
1−
√
1− a2(t)a2(τ)√
1− a2(t)a2(τ)
 dt
=
1
a2(τ)
∫ τ
t0
a(t)√
1− a2(t)a2(τ)
(
1 +
√
1− a2(t)a2(τ)
)dt
=
1
a(τ)
∫ τ
t0
a(t)
a˙(t)
a˙(t)/a(τ)√
1− a2(t)a2(τ)
(
1 +
√
1− a2(t)a2(τ)
)dt
<
1
a(τ)
a(τ)
a˙(τ)
∫ τ
0
a˙(t)/a(τ)√
1− a2(t)a2(τ)
(
1 +
√
1− a2(t)a2(τ)
)dt,
(38)
where in the last step, we have used the fact that the Hubble parameter, H(t),
is a decreasing function of t, and strictly decreasing on an interval, so that
a(t)/a˙(t) < a(τ)/a˙(τ) on some interval of t values. To evaluate this last integral,
we make the change of variable, x = a(t)/a(τ), which yields,∫ τ
t0
1
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
dt <
1
a˙(τ)
∫ 1
0
dx√
1− x2(1 +√1− x2) =
1
a˙(τ)
.
(39)
Theorem 2. Let a(t) be strongly regular. Then the Fermi metric coefficient
gττ (τ, ρ) satisfies the following:
lim
ρ→ρ−Mτ
gττ (τ, ρ) = −
[
1− a˙(τ)
∫ τ
0
a¨(t)
a˙(t)2
(
a(τ)√
a2(τ)− a2(t) − 1
)
dt
]2
(40)
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Moreover, the function gττ (τ, ρMτ ) defined by this limit satisfies,
∞ > −gττ (τ, ρMτ ) > 0. (41)
Proof. Note that for fixed τ , ρ→ ρMτ if and only if t0 → 0. The existence of the
finite limit in Eq (40) follows from Lemma 1 and the Dominated Convergence
Theorem using the comparison,
|a¨(t)|
a˙(t)2
[√
a2(τ)− a2(t0)√
a2(τ)− a2(t) − 1
]
<
K
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
(42)
The second assertion, −gττ (τ, ρMτ ) > 0, follows directly from Lemma 1.
Remark 4. It follows from Eq. (36) that −gττ (τ, ρ) ≤ 1 if the cosmological
time interval from t0(τ, ρ) to τ is inflationary, i.e. if a¨(t) ≥ 0 on that interval.
Similarly, −gττ (τ, ρ) ≥ 1 if the cosmological time interval from t0(τ, ρ) to τ is
noninflationary, i.e. if a¨(t) ≤ 0 on that interval.
The following purely technical lemma will be needed in the proof of continuity
of the extension of gττ and its derivatives.
Lemma 2. Let a(t) be a regular scale factor and assume that τ ≥ τ0 > 0. Let
`(t) be a smooth function defined for t > 0 satisfying
|`(t)| < K
a(t)
(43)
for some K > 0 and all t > 0. Then,
(a) If 0 < x ≤ τ0,∫ τ
τ0
|`(t)|
[√
a2(τ)− a2(x)√
a2(τ)− a2(t) − 1
]
dt <
K
a˙(τ)
[
1−
(
a(τ)
a(τ0)
−
√
a2(τ)
a2(τ0)
− 1
)]
(44)
(b)
a(τ)
∫ τ
τ0
|`(t)| dt√
a2(τ)− a2(t) < K
∫ τ
τ0
1
a(t)
dt
+
K
a˙(τ)
[
1−
(
a(τ)
a(τ0)
−
√
a2(τ)
a2(τ0)
− 1
)]
(45)
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Proof. Using Eq.(38) we have,
∫ τ
τ0
1
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
dt
<
1
a˙(τ)
∫ τ
τ0
a˙(t)/a(τ)√
1− a2(t)a2(τ)
(
1 +
√
1− a2(t)a2(τ)
)dt, (46)
The change of variable, x = a(t)/a(τ), yields
∫ τ
τ0
1
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
dt <
1
a˙(τ)
∫ 1
a(τ0)
a(τ)
dx√
1− x2(1 +√1− x2)
=
1
a˙(τ)
[
1−
(
a(τ)
a(τ0)
−
√
a2(τ)
a2(τ0)
− 1
)]
(47)
Part (b) now follows by rearranging terms and from the hypothesis
|`(t)| < K
a(t)
(48)
Part (a) follows from this hypothesis and since a(τ) ≥√a2(τ)− a2(x).
5 C1 extension of gττ
The plan of this section is first to extend gττ , given by Eq. (36), as a continuous
function to values of ρ > ρMτ (or equivalently to negative values of t0). We
then show under some regularity conditions that the first partial derivatives of
the extension of gττ are also continuous.
In order to accomplish this, we must extend the domain of the scale factor to
include negative values of cosmological time t = t0. Although not essential,
it is convenient using our methods to extend a(t) as an even function so that
a(−t) = a(t). A smooth even extension of a(t) requires a˙(0) = 0, but we also
consider the possibility that 0 < a˙(0+) <∞, which forces a discontinuity in the
first derivative of a(t) (but not in the metric coefficients). Both of these geomet-
ric properties of the big bang are of interest and result in different extensions of
Robertson-Walker spacetimes to negative cosmological times. As a convenience
to the reader, the proofs of the lemmas and theorems of this section have been
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placed in the appendix labeled as Sect.10.
As a first step, we extend the proper distance coordinate ρ by the same formula
as Eq. (13), but so as to allow values of t0 in the interval −τ < t0 < τ ,
ρ =
∫ τ
t0
a(t)√
a2(τ)− a2(t) dt. (49)
Now t0(τ, ρ) is defined implicitly by Eq.(49) on the set,
D = {(τ, ρ) : τ > 0, 0 < ρ < 2ρMτ }, (50)
where ρMτ is the Fermi radius of the universe at proper time τ of the central
observer and is given by Eq.(14).
It follows from the Implicit Function theorem that the function t0(τ, ρ) is a
smooth function of its arguments in D, except possibly when t0 = 0, the cos-
mological time coordinate of the big bang. The next lemma shows that t0 is
continuous even where t0 = 0. This result will be needed in what follows.
Lemma 3. Suppose a(t) is strongly regular. Then the function t0(τ, ρ), defined
implicitly by Eq. (49), is continuous on D.
In Fermi polar coordinates, there is a coordinate singularity at ρ = 0, but this
singularity disappears in 1+1 dimensions and ρ may be extended symmetrically
to negative values as well. However, in what follows it is convenient to restrict
ρ to nonnegative values, and this causes no loss of generality.
With Eq. (36) in mind and with a slight abuse of notation, we define the
extension of the metric tensor to D by gρρ ≡ 1 and,
gττ (τ, ρ) = −[1− a˙(τ)f(τ, t0(τ, ρ))]2 ≡ −[1− a˙(τ)f(τ, ρ)]2, (51)
where
f(τ, t0) =

∫ τ
t0
a¨(t)
a˙(t)2
(√
a2(τ)−a2(t0)√
a2(τ)−a2(t) − 1
)
dt if τ > t0 > 0
2f(τ, 0)− f(τ,−t0) if − τ < t0 < 0,
(52)
and
f(τ, ρ) ≡ f(τ, t0(τ, ρ)). (53)
Remark 5. Since limt0→0+ f(τ, t0) = f(τ, 0) exists by Theorem 2, by the def-
inition of f we automatically have that limt0→0− f(τ, t0) = f(τ, 0). Therefore
limt0→0 f(τ, t0) = f(τ, 0). We note also that for t0 < 0 an equivalent expression
for f(τ, t0) is,
f(τ, t0) = f(τ, 0) +
∫ 0
t0
a¨(t)
a˙(t)2
(√
a2(τ)− a2(t0)√
a2(τ)− a2(t) − 1
)
dt. (54)
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Remark 6. We note that in general the domain D given by Eq.(50) will be
too large to be a coordinate chart for an extended spacetime M, and a proper
subset must be used to avoid zeros of gττ in M− where t0 < 0. This because
the conclusions of Theorem 2 do not necessarily hold for Eq. (51) on all of D.
However, it follows from the continuity of gττ established in Theorem 3 that
−gττ (τ, ρ) > 0 at all points (τ, ρ) where t0(τ, ρ) is sufficiently close to zero,
including points where t0(τ, ρ) < 0. We elaborate further in Section 6.
Theorem 3. Let a(t) be strongly regular. Then the metric coefficient gττ (τ, ρ)
given by Eq.(51) is continuous on D.
Our next task is to prove that the metric coefficient, gττ , as defined by Eq. (51)
is differentiable on D. The following lemma deals with the technicality of the
unbounded integrand in Eq. (52).
Lemma 4. Let a(t) be regular with a˙(0+) <∞. The function f(τ, t0) given by
Eq. (52) is continuously differentiable with respect to t0 6= 0 when −τ < t0 < τ ,
and,
∂t0f(τ, t0) = −
a(t0)a˙(|t0|)√
a2(τ)− a2(t0)
∫ τ
|t0|
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t) . (55)
Lemma 5. For a regular scale factor a(t), let a(0+) ≡ limt→0+ a˙(t). Then:
(a) If a˙(0+) = 0 and there exists an  > 0 such that a¨(t) > 0 for t ∈ (0, ),
then
lim
t0→0+
∫ τ
t0
a¨(t)
a˙2(t)
dt√
a2(τ)− a2(t) =∞. (56)
(b) If ∞ > a˙(0+) > 0 then,
lim
t0→0+
∫ τ
t0
a¨(t)
a˙2(t)
dt√
a2(τ)− a2(t) =
∫ τ
0
a¨(t)
a˙2(t)
dt√
a2(τ)− a2(t) (57)
exists and is finite.
Theorem 4. Let a(t) be a strongly regular scale factor and suppose that one of
the conditions of Lemma 5 holds. Then gττ is differentiable with respect to ρ in
D, and
∂ρgττ = 2
√−gττ a˙(τ)∂ρf(τ, ρ), (58)
where
∂ρf(τ, ρ) = a˙(|t0|)
∫ τ
|t0|
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t) (59)
for ρ 6= ρMτ (and with t0 = t0(τ, ρ)), and
∂ρf(τ, ρMτ ) =
a˙(0
+)
∫ τ
0
a¨(t)
a˙2(t)
1√
a2(τ)−a2(t)dt if a˙(0
+) > 0
1
a(τ) if a˙(0) = 0
(60)
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We next establish the differentiability of gττ (τ, ρ) with respect to τ in the domain
D. From Eq. (51), this will follow by proving that f(τ, t0(τ, ρ)) is differentiable
with respect to τ . This is established by the following theorem whose proof
depends on Lemmas 6, 7, and 8.
Theorem 5. Let a(t) be strongly regular with a˙(0+) < ∞. Suppose that there
is a constant C > 0 such that ∣∣∣∣ ...a (t)a2(t)a˙3(t)
∣∣∣∣ 6 C, (61)
for all t. Then gττ is differentiable with respect to τ in D and,
∂τgττ = 2
√−gττ [a¨(τ)f(τ, ρ) + a˙(τ)∂τ f(τ, ρ)], (62)
where
∂τ f(τ, ρ) = ∂τf(τ, t0) + ∂t0f(τ, t0)∂τ t0(τ, ρ), (63)
for (τ, ρ) 6= (τ, ρMτ ), where ∂τf(τ, t0), ∂t0f(τ, ρ) and ∂τ t0(τ, t0) are given by
Eqs. (66), (55) and (160), respectively. If (τ, ρ) = (τ, ρMτ ) then,
∂τ f(τ, ρMτ ) =

∂
∂τ f(τ, 0) +
1
a(τ)
dρMτ
dτ (τ) if a˙(0) = 0
∂
∂τ f(τ, 0) + a˙(0
+)
dρMτ
dτ (τ)
∫ τ
0
a¨(t)
a˙2(t)
dt√
a2(τ)−a2(t) if a˙(0
+) > 0
(64)
The lemmas that follow in this section rely on the differentiability of t0(τ, ρ),
on D except possibly where t0 = 0. This follows from the Implicit Function
theorem and Eq.(49).
Lemma 6. Let a(t) be strongly regular. Suppose that there is a constant C > 0
such that ∣∣∣∣ ...a (t)a2(t)a˙3(t)
∣∣∣∣ 6 C. (65)
Then for any τ > 0, f(τ, t0) is differentiable with respect to τ , and
∂f
∂τ
(τ, t0) =
{
I1(τ, t0) + I2(τ, t0) if t0 > 0
2 ∂∂τ f(τ, 0)− I1(τ,−t0)− I2(τ,−t0) if t0 < 0
(66)
where
I1(τ, t0) = − a˙(τ)
a(τ)
∫ τ
t0
[
3
a¨2(t)a(t)
a˙4(t)
−
...
a (t)a(t)
a˙3(t)
] [√
a2(τ)− a2(t0)√
a2(τ)− a2(t) − 1
]
dt,
(67)
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I2(τ, t0) =
a˙(τ)
a(τ)
∫ τ
t0
a¨(t)
a˙2(t)
[
a2(τ)√
a2(τ)− a2(t)√a2(τ)− a2(t0) − 1
]
dt (68)
and
∂f
∂τ
(τ, 0) =
a˙(τ)
a(τ)
∫ τ
0
[
a¨(t)
a˙2(t)
+
...
a (t)a(t)
a˙3(t)
− 3 a¨
2(t)a(t)
a˙4(t)
][
a(τ)√
a2(τ)− a2(t) − 1
]
dt
(69)
Lemma 7. Assume that the conditions of Lemma 6 hold. Then for any τ0 > 0
we have that
lim
τ→τ0
∂f
∂τ
(τ, t0(τ)) =
∂f
∂τ
(τ0, 0), (70)
where ∂τf(τ0, 0) is given by Eq. (69) and t0(τ) ≡ t0(τ, ρMτ0 ).
Lemma 8. Under the assumptions of Lemma 6 and one of the conditions of
Lemma 5, we have that
lim
τ→τ0
∂f
∂t0
(τ, t0(τ))
∂t0
∂τ
(τ, t0(τ)) (71)
exists and is finite, where as in Lemma 7, t0(τ) ≡ t0(τ, ρMτ0 ).
Now that we have established the existence of both partial derivatives of gττ on
the domain D we proceed to show that gττ is continuously differentiable on D.
Theorem 6. Let a(t) be strongly regular and suppose that one of the condi-
tions of Lemma 5 hold. Then the partial derivative ∂ρgττ given by Eq. (58) is
continuous on D.
Theorem 7. Suppose that the conditions of Lemma 6 and one of the condi-
tions of Lemma 5 hold. Then the partial derivative ∂τgττ given by Eq. (62) is
continuous on D.
The following theorem summarizes the results of this section.
Theorem 8. Suppose that one of the conditions of Lemma 5 hold and that a(t)
is strongly regular. Suppose also that there is a constant C > 0 such that∣∣∣∣ ...a (t)a2(t)a˙3(t)
∣∣∣∣ 6 C. (72)
for all t. Then gττ (τ, ρ) is continuously differentiable on D.
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6 M in 1 + 1 dimensions
In this section we define a two dimensional spacetime manifoldM that includes
pre-big bang events and the 1 + 1 dimensional Robertson-Walker spacetime M
as a submanifold. The extended Robertson-Walker metric on M, restricted to
the submanifold M0 of cosmological time zero events, is singular in the sense
that it is continuously differentiable on M0, but in general not twice differen-
tiable there. We assume throughout this section that the scale factor satisfies
the hypotheses of Theorem 8.
We begin with the line element for M in curvature coordinates,
ds2 = −dt2 + a2(t)dχ2. (73)
There is a coordinate singularity in Eq.(9) in four spacetime dimensions at
χ = 0, but this singularity disappears in two spacetime dimensions and χ may
be extended symmetrically to take all real values (for k = 0,−1). For the
comoving observer at χ = 0, the maximal Fermi chart then consists of all (τ, ρ)
with τ > 0 and |ρ| < ρMτ (see Fig. 1 and Section 2), with the metric given by,
ds2 = gττ (τ, ρ)dτ
2 + dρ2, (74)
where gττ is defined by Eq.(51). From Theorem 8, it is easily verified by sym-
metry that gττ is continuously differentiable on the set,
D′ = {(τ, ρ) : τ > 0, |ρ| < 2ρMτ }, (75)
with t0 = t0(τ, ρ) defined implicitly by a slight modification of Eq.(49):
|ρ| =
∫ τ
t0
a(t)√
a2(τ)− a2(t) dt. (76)
In order to define the extended spacetime, M, we first extend the maximal
Fermi chart of the χ = 0 comoving observer. For that purpose, we use a subset
of D′. By Theorem 2, gττ (τ, ρMτ ) < 0, but we have not ruled out the possi-
bility that gττ (τ, ρ) = 0 at points where t0(τ, ρ) < 0 in the domain D
′ (or D).
However this is not an essential feature of our construction because the choice
we made for the metric tensor for negative cosmological times was arbitrary
except at points (τ, ρ) where t0(τ, ρ) < 0 and t0(τ, ρ) is close to zero. At such
points near the big bang, continuous differentiability of gττ at (τ, ρMτ ) places
restrictions on any extension of this function so that gττ cannot differ greatly
at points near the big bang from the definition given in Eq.(51).
In accordance with Remark 6, and to eliminate ambiguities in the extension of
gττ , let the coordinate chart D2 ⊂ D′ be defined by,
D2 = {(τ, ρ) : τ > 0, |ρ| < ρmax(τ)}, (77)
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where,
ρmax(τ) = inf{ρ : 0 < ρ < 2ρMτ and gττ (τ, ρ) = 0}, (78)
provided the infimum exists, with ρmax = 2ρMτ otherwise.
We can now define M as a disjoint union,
M =M+ ∪M0 ∪M−, (79)
where the superscripts indicate respectively that cosmological time t0 restricted
to the set is positive, zero, or negative. Here M+ = M denotes the original
Robertson-Walker universe where cosmological time is postive, and t0 = t0(τ, ρ)
is a continuous function of τ and ρ within the Fermi chart and onM0∪M−, all
of which are covered by the chart D2. The original smooth charts onM+ =M
together with D2 form an atlas onM. The metric restricted to the submanifold
of M with chart D2 is given by Eq. (74). Under the assumptions of Theorem
8, the metric of Eq.(74) is C1 on M0, and smooth on MrM0.
Remark 7. It is easily verified that all connection coefficients from the metric
of Eq. (74) are continuous on M, and that the spacelike path γ(ρ) = (τ0, ρ)
satisfies the geodesic equations for all ρ with |ρ| < ρmax(τ0). Thus, all spacelike
geodesics in M orthogonal to the Fermi observers’s worldlike β(τ) = (τ, 0) pass
through spacetime points in the big bang M0 as well as pre-big bang points in
M−.
Geometrically, ρmax(τ0) may be understood as the first zero of gττ (τ0, ·) along
the spacelike geodesic orthogonal to β, and starting from, β(τ0), as ρ increases.
It follows from Theorem 2 that ρmax(τ) > ρMτ so that M− is not empty and
necessarily consists of points with negative cosmological times t0.
The subsetM0 defined by t0(τ, ρ) = 0 is a C1 submanifold parameterized in two
connected components by (τ, ρMτ ), and (τ,−ρMτ ), for τ > 0, where the one-
to-one, continuously differentiable function ρMτ is given by Eq.(14). It follows
from Remark 1 and Eq.(16) that dρMτ /dτ is nonvanishing for the scale factors
we consider. The charactor of M0 is described by the following theorem.
Theorem 9. Under the assumptions of Theorem 8, M0 is lightlike.
Proof. A tangent vector to M0 at the point (τ,± ρMτ ) is u = (1,± dρMτ /dτ),
(where + is used for the component with positive space coordinates and − for
the other component). From Eq.(66) in [14] and Eq.(79) and Theorem 8 in [15],
it follows that,√
−gττ (τ, ρMτ ) = lim
ρ→ρ−Mτ
√
−gττ (τ, ρ) = lim
t0→0+
‖vFermi‖
‖vkin‖ =
dρMτ
dτ
(τ), (80)
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where the limit in the third term is of the ratio of the Fermi relative speed to
the kinematic relative speed of a comoving test particle at the spacetime point
uniquely determined by τ and t0 (see [14, 37, 15]), and both speeds are relative
to the comoving observer β. Then,
g(u, u) = gττ (τ, ρMτ ) +
(
dρMτ
dτ
)2
= 0, (81)
where g is the metric tensor.
7 M in 3 + 1 dimensions
In this section we construct a spacetimeM in four spacetime dimensions, anal-
ogous to the construction in Section 6 for the two dimensional case. Analogous
to the two dimensional case, hereM includes both pre-big bang events and the
3 + 1 dimensional Robertson-Walker spacetime M as a submanifold, for k = 0
(see Eq.(10)). The extended metric tensor on M is smooth except for its re-
striction to the submanifold M0 of cosmological time zero events. On M0, the
extended metric is C0 but also with certain differentiability properties. The big
bang, M0, inherits geometric structure from M, and the dimension of the the
cotangent bundle on M0 is two dimensional.
In subsection 7.1 we develop extended Fermi polar coordinates and extend the
metric of Eqs. (21) and (22). Because partial derivatives of the metric coefficient
a2(t0)S
2
k(χt0(τ)) in Eq. (21) diverge at cosmological time zero spacetime points,
it cannot be extended as a differentiable function of τ and ρ under the general
assumptions that make gττ continuously differentiable where t0 = 0. Subsec-
tion 7.2 develops the full (Cartesian) Fermi coordinates τ, x, y, z of Eq.(18) and
finishes the construction of M.
7.1 Angular Coordinates
Here we define an extension,
ds2 = gττdτ
2 + dρ2 + gθθ dθ
2 + gφφ dφ
2, (82)
of the Eq.(21) in Fermi polar form. A new chart Dpolar ⊃ Upolar (see Eq (22))
is defined by,
Dpolar = {(τ, ρ, θ, φ) : τ > 0, 0 < ρ < ρmax(τ), θ ∈ Ipi, φ ∈ I2pi}, (83)
where the notation is the same as in Eq. (78), and as before Ipi and I2pi may
be chosen to be any open intervals of length pi and 2pi respectively. As before,
we assume that the scale factor a(t) is extended as an even function of t. It
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follows from Theorem 8 that gττ is continuously differentiable on Dpolar under
the hypotheses of that theorem. As in Section 6, we define gρρ ≡ 1 and define
gττ by Eq. (51) on Dpolar. For t0(τ, ρ) 6= 0, let
gθθ(τ, ρ) = g¯θθ(τ, t0(τ, ρ)) = a
2(t0)S
2
k(χ|t0|(τ)), (84)
and
gφφ(τ, ρ, θ) = gθθ(τ, ρ) sin
2 θ. (85)
In what follows, we shall define gθθ and gφφ, at points (τ, ρ, θ, φ) ∈ Dpolar where
t0(τ, ρ) = 0, i.e., where ρ = ρMτ , by the limiting values of those functions as
t0 → 0.
To define gθθ at points where t0 = 0, we first consider the case k = 1. Since
Sk=1 is bounded, the right side of Eq. (84) converges to zero as t0 → 0, so gθθ
and gφφ can both be defined to take the value zero at such points. For the other
cases, k = 0,−1, we first observe that from Eq.(12) and Lemma 1, for a regular
scale factor a(t), ∫ τ
t0
1
a(t)
dt ≤ χt0(τ) <
1
a˙(τ)
+
∫ τ
t0
1
a(t)
dt (86)
for τ > t0 ≥ 0. In both cases Sk is an increasing function, so combining (84)
and (86), gives,
gθθ(τ, ρ) = a
2(t0)S
2
k(χ|t0|(τ)) ≤ a2(t0)S2k
(
1
a˙(τ)
+
∫ τ
|t0|
1
a(t)
dt
)
. (87)
By Theorem 1, the assumptions we make in Theorem 8 and Lemma 5 are
inconsistent with the existence of finite particle horizons in the cosmologies we
consider. Nevertheless we point out that if the scale factor a(t) (in violation
with those hypotheses) does give rise to finite particle horizons, i.e.,∫ τ
0
1
a(t)
dt <∞, (88)
then we have the following result.
Theorem 10. For k = −1, 0, 1 and a regular scale factor a(t) with finite par-
ticle horizon, i.e., satisfying Eq. (88) for τ > 0, gθθ(τ, ρ) and gφφ(τ, ρ, φ) are
continuous on Dpolar and vanish at (τ, ρMτ ).
Proof. It is necessary to show continuity only at points of the form (τ, ρMτ , θ, φ).
Since t0(τ, ρ) = 0 if and only if ρ = ρMτ and t0(τ, ρ) is continuous on D by
Lemma 3, it suffices to show that g¯θθ is continuous at (τ0, 0) for any τ0 > 0.
Using Eq.(87), we have,
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lim
(τ,t0)→(τ0,0)
g¯θθ(τ, t0) = lim
(τ,t0)→(τ0,0)
a2(t0)S
2
k(χt0(τ)) = 0 (89)
The following remark shows that the case k = −1 is problematic for inflationary
cosmologies.
Remark 8. In the Milne Universe k = −1 and Remark 2 shows that gθθ and
gφφ have obvious smooth extensions to Dpolar. If a(t) = t
α and α < 1, then
particle horizons are finite and Theorem 10 applies. However, for k = −1 with
inflationary power law scale factors of the form a(t) = tα with α > 1, it is
readily seen that
lim
t0→0+
a(t0)Sk(χt0(τ)) = lim
t0→0+
a(t0) sinh(χt0(τ)) =∞. (90)
Therefore continuous extensions of gθθ(τ, ρ) and gφφ(τ, ρ, φ) to Dpolar are not
possible for these cosmologies.
Specializing to the case k = 0 and regular scale factors with infinite particle
horizons, we have, using Eq.(86) and L’Hoˆpital’s rule,
lim
t0→0
a(t0)χ|t0|(τ) = limt0→0
a(t0)
a˙(t0)
= lim
t0→0
1
H(t0)
=
1
H(0+)
, (91)
which exists because the Hubble parameter H(t0) is a decreasing function for
regular scale factors.
Theorem 11. Let k = 0 and a(t) be a regular scale factor. Then gθθ(τ, ρ) and
gφφ(τ, ρ, φ) are continuous on Dpolar.
Proof. It is sufficient to prove that gθθ is continuous at points of the form
(τ, ρMτ ). For the case of finite particle horizons, the result follows by Theo-
rem 10. For the case of infinite particle horizons, we define a new function of
two independent variables τ and x, by,
F4(τ, x) ≡ a(x)
∫ τ
|x|
1
a(t)
a(τ)√
a2(τ)− a2(t)dt ≡ a(x)
∫ τ
|x|
h4(τ, t)dt, (92)
with the restriction τ > x > 0. In light of Eq. (91), we define F4(τ, 0) =
1/H(0+). Since t0(τ0, ρMτ0 ) = 0, our plan of proof is first to show that F4(τ, x)
is continuous at any point of the form (τ0, 0). Then using Lemma 3, the com-
position F4(τ, t0(τ, ρ)) must be continuous at any point of the form (τ0, ρMτ0 )
and and therefore gθθ(τ, ρ) = F
2
4 (τ, t0(τ, ρ)) must be continuous at any point of
the form (τ0, ρMτ0 ).
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For τ > τ0 > x > 0,
|F4(τ, x)− F4(τ0, 0)| 6 |F4(τ, x)− F4(τ0, x)|+ |F4(τ0, x)− 1/H(0+)|
6 a(x)
∣∣∣∣∫ τ
τ0
h4(τ, t)dt
∣∣∣∣+a(x)∫ τ0
x
|h4(τ, t)−h4(τ0, t)|dt+|F4(τ0, x)−1/H(0+)|
(93)
The third term in Eq. (93) can be made arbitrarily small for all x sufficiently
close to 0 by Eq. (91), while the first term can be made small for all τ sufficiently
close to τ0 by Lemma 2b. For the middle term, choose any 0 < δ < τ0. We can
assume that x < τ0 − δ. Then,
a(x)
∫ τ0
x
|h4(τ, t)− h4(τ0, t)|dt
= a(x)
∫ τ0
τ0−δ
|h4(τ, t)− h4(τ0, t)|dt+ a(x)
∫ τ0−δ
x
|h4(τ, t)− h4(τ0, t)|dt (94)
The first integral is bounded by the integrability of h4(τ0, t) and h4(τ, t), so
it can be made small for small enough a(x), which is achieved by choosing x
sufficiently close to 0. For the second term, note that a(t)h4(τ, t) is uniformly
continuous in t and τ for t ∈ [0, τ0 − δ]. So, for any  > 0 we can choose τ close
enough to τ0 so that,
a(x)
∫ τ0−δ
x
1
a(t)
|a(t)h4(τ, t)− a(t)h4(τ0, t)|dt 6 a(x)
∫ τ0−δ
x
1
a(t)
dt. (95)
Since limx→0 a(x)
∫ τ0−δ
x
1
a(t)dt = 1/H(0+), this term is bounded for x close to
0. Therefore we can make the entire second term in Eq. (94) small by choosing
(τ, x) sufficiently close to (τ0, 0). The τ < τ0 case is simliar.
The following corollary shows that if k = 0 and the scale factor a(t) is analytic
at t0 = 0 and regular, then gθθ(τ, ρMτ ) = gφφ(τ, ρMτ , θ) = 0.
Corollary 1. If k = 0 and a(t) is regular and an even function on R, with
either ∞ > a˙(0+) > 0 or a˙(0) = 0 but the nth derivative of a(t) at t = 0 for
some n does not vanish, then gθθ(τ, ρ) and gφφ(τ, ρ, φ) are continuous on Dpolar
and vanish at (τ, ρMτ ) for any τ > 0.
Proof. Continuity follows from Theorem 11 and if the particle horizon is finite,
gθθ(τ, ρ) and gφφ(τ, ρ, φ) vanish at (τ, ρMτ ) by Theorem 10. If the particle hori-
zon is infinite and a˙(0+) > 0, the result follows from Eq.(91) and the assumption
that a(0) = 0. Alternatively, if a˙(0) = 0 but a(n)(0) 6= 0 for some n, then for
the smallest such n, we must have
a(0) = a˙(0) = a¨(0) = · · · = a(n−1)(0) = 0, (96)
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but a(n)(0) 6= 0. Repeated application of L’Hoˆpital’s rule then gives,
lim
t0→0+
a(t0)χt0(τ) = lim
t0→0
a(n−1)(t0)
a(n)(t0)
= 0. (97)
So,
gθθ(τ, ρMτ ) = lim
(τ,t0)→(τ0,0)
a2(t0)S
2
k(χ|t0|(τ)) = lim
t0→0+
a2(t0)χ
2
t0(τ) = 0. (98)
Eq.(85) finishes the proof.
We collect results from this subsection and Theorem 8 in the following theorem.
Theorem 12. Suppose that one of the conditions of Lemma 5 hold and that
a(t) is strongly regular. Suppose also that there is a constant C > 0 such that∣∣∣∣ ...a (t)a2(t)a˙3(t)
∣∣∣∣ 6 C. (99)
for all t. Then gττ (τ, ρ) is continuously differentiable on Dpolar and if k = 0,
gθθ(τ, ρ) and gφφ(τ, ρ, φ) are continuous on Dpolar.
7.2 Fermi Coordinates
We begin with a definition of the key chart for the extended spacetime M in
3 + 1 spacetime coordinates. Let DFermi ⊃ UFermi of Eq.(17) be defined by,
DFermi =
{
(τ, x, y, z) : τ > 0 and
√
x2 + y2 + z2 < ρmax(τ)
}
, (100)
where ρmax(τ) is given by Eq.(78). In light of Eq.(84) and Theorem 11, λk(τ, ρ)
in Eq.(20) may be extended as a continuous function to DFermi by the formula,
λk(τ, ρ) =
gθθ(τ, ρ)− ρ2
ρ4
, (101)
for a regular scale factor a(t). In particular,
λk(τ, ρMτ ) = lim
ρ→ρ−Mτ
λk(τ, ρ)
= lim
ρ→ρ−Mτ
a2(t0)S
2
k(χt0(τ))− ρ2
ρ4
=
1/H2(0+)− ρ2Mτ
ρ4Mτ
.
(102)
We note that if the hypotheses of Corollary 1 are satisfied, then λk(τ, ρMτ ) =
−1/ρMτ .
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In analogy with Eq.(79) for the two dimensional case, we can now define the
four dimensional spacetime M as a disjoint union,
M =M+ ∪M0 ∪M−, (103)
where, as before, the superscripts indicate respectively that cosmological time
t0 restricted to the set is positive, zero, or negative. HereM+ =M denotes the
original four dimensional Robertson-Walker universe where cosmological time is
postive, and t0 = t0(τ, ρ) is a continuous function of τ and ρ within the Fermi
chart and on M0 ∪ M−, all of which are covered by the chart DFermi. The
original smooth charts onM+ =M together with DFermi form an atlas onM.
The metric restricted to the submanifold of M with chart DFermi is given by,
ds2 = gττ (τ, ρ) dτ
2 + dx2 + dy2 + dz2
+λk(τ, ρ)
[
(y2 + z2)dx2 + (x2 + z2)dy2 + (x2 + y2)dz2
−xy(dxdy + dydx)− xz(dxdz + dzdx)− yz(dydz + dzdy)], (104)
Under the assumptions of Theorem 8, the metric of Eq.(104) is smooth on
MrM0. The next theorem summarizes the results of this subsection.
Theorem 13. Suppose that one of the conditions of Lemma 5 hold and that the
scale factor a(t) is strongly regular. Suppose also that there is a constant C > 0
such that ∣∣∣∣ ...a (t)a2(t)a˙3(t)
∣∣∣∣ 6 C, (105)
for all t. Then gττ (τ, ρ) is continuously differentiable on DFermi and λk=0(τ, ρ)
is continuous on DFermi.
Remark 9. A sufficient condition for the bound Eq.(105) under the hypotheses
of Theorems 12 and 13 is the existence of a constant C such that,∣∣∣∣ ...a (t)a˙(t)a¨2(t)
∣∣∣∣ 6 CK2 , (106)
so that, for example, if C = K2, then a˙(t) itself regarded as a scale factor would
be regular according to Definition 1. This follows from the implication,∣∣∣∣a(t)a¨(t)a˙(t)2
∣∣∣∣ ≤ K =⇒ ∣∣∣∣a(t)a˙(t)
∣∣∣∣ ≤ K ∣∣∣∣ a˙(t)a¨(t)
∣∣∣∣ . (107)
The following corollary, established by direct calculation, shows consistency with
the polar and cartesian forms of the metric extended to DFermi.
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Corollary 2. Under the hypotheses of Corollary 1, the Fermi metric of Eq.(18)
expressed as a 4 by 4 matrix,
gττ 0 0 0
0 1 + λk(y
2 + z2) −λkxy −λkxz
0 −λkxy 1 + λk(x2 + z2) −λkyz
0 −λkxz −λkyz 1 + λk(x2 + y2)

and evaluated at (τ, ρMτ ) has rank 2 for all τ > 0. Thus the cotangent space at
each point in M0 is two dimensional.
Remark 10. The submanifold obtained by assigning fixed values θ0 and φ0
to the angular coordinates in the chart Dpolar for M is the two dimensional
spacetime analyzed in Section 6. From Remark 7, it follows that the spacelike
path γ(ρ) = (τ0, ρ, θ0, φ0) with |ρ| < ρmax(τ0) is geodesic in the submanifold,
intersects the big bang M0, and reaches pre-big bang points in M−.
The next theorem collects assumptions from Theorems 3 and 11 needed for a
continuous (not necessarily differentiable) extension of the metric to M0.
Theorem 14. Let k = 0 and let a(t) be a strongly regular scale factor. Then
the metric coefficients of Eq.(104) are continuous on DFermi, and the metric
coefficients for the polar form, Eq.(82), are continuous on Dpolar.
We note that the metric is as smooth as a(t) off of the big bang M0.
8 Examples
In this section we give examples of Robertson-Walker cosmologies satisfying the
conditions of Theorems 8, 12 and 13. We begin with power law cosmologies, i.e.,
those with scale factors of the form a(t) = tα with α > 0. These cosmologies
include the radiation-dominated and matter-dominated universes, and models
for dark energy (see [42]).
For the power law scale factor a(t) = tα, Eq. (34) gives,
gττ (τ, ρ) = −
( τ
t0
)α−1
−
√
1−
(
t0
τ
)2α((
τ
t0
)α−1
2F1
(
1
2
,
1− α
2α
;
1 + α
2α
;
(
t0
τ
)2α)
− Cα
)2 ,
(108)
where t0 is given implicitly as a function of τ and ρ by Eq. (13), 2F1(·, ·; ·; ·) is
the Gauss hypergeometric function, and (see [37, 39]),
Cα =
ρMτ
τ
=
√
pi Γ( 1+α2α )
Γ( 12α )
. (109)
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With Theorem 3, it follows that,
lim
ρ→ρ−Mτ
gττ (τ, ρ) = gττ (τ, ρMτ ) = −C2α. (110)
Also by Eq. (13),
ρ = τ
[
Cα − 1
1 + α
(
t0
τ
)1+α
2F1
(
1
2
,
1 + α
2α
;
1 + 3α
2α
;
(
t0
τ
)2α)]
. (111)
Implicit differentiation or Eq.(160) gives,
∂t0
∂τ
=
√
τ2α − t2α0
tα0
ρ
τ
+
t0
τ
, (112)
and further calculations show,
∂ρgττ (τ, ρ) =
2α
τ
√
−gττ (τ, t0)
(
2F1
(
1
2
,
1− α
2α
;
1 + α
2α
;
(
t0
τ
)2α)
−
(
t0
τ
)α−1
Cα
)
,
(113)
and,
∂τgττ (τ, ρ) = −2α
τ
√
−gττ (τ, t0)
(
2F1
(
1
2
,
1− α
2α
;
1 + α
2α
;
(
t0
τ
)2α)
−
(
t0
τ
)α−1
Cα
)
×(
Cα − 1
α+ 1
(
t0
τ
)1+α
2F1
(
1
2
,
1 + α
2α
;
1 + 3α
2α
;
(
t0
τ
)2α))
= −ρ
τ
∂ρgττ (τ, ρ). (114)
Hence,
∂ρgττ (τ, ρMτ ) = lim
ρ→ρ−Mτ
∂ρgττ (τ, ρ) =
{
2αCα
τ if α > 1
−∞ if 0 < α < 1 (115)
and,
∂τgττ (τ, ρMτ ) = lim
ρ→ρ−Mτ
∂τgττ (τ, ρ) =
{−2αC2α
τ if α > 1
∞ if 0 < α < 1. (116)
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If α < 1, then a˙(0+) = ∞ and a(t) = tα is not inflationary near t = 0 (nor
at any time) and so a(t) fails to satisfy the hypotheses of Theorems 8 or 13.
For the Milne case (see Remarks 2 and 8), α = 1 and taking into account that
a˙(0) = 1 > 0, the hypotheses of Theorem 8 are satisfied, so the implied proper-
ties of Fig.1 given in the introduction follow from that theorem.
If α > 1, then the scale factor a(t) = tα is inflationary near t = 0 (and for all t),
and satisfies the hypotheses of Theorems 8 and 13 for k = 0, so the conclusions
hold for the cosmologies that are inflationary at the big bang, as shown by Eqs.
115 and 116.
a = 2 a = 1
spacelike geodesic
to > 0
t o=
0to = 0
to < 0to < 0
rMt
t
Figure 2: A portion of the extended Robertson-Walker cosmologyM with scale factor
a(t) = t2 (i.e. α = 2). The Milne Universe (see Fig.1) with α = 1 is included only
for comparison of Fermi radii, ρMτ . The comoving observer’s worldline is the vertical
line ρ = 0 in the center. The dashed portion of the horizontal line extends the spacelike
geodesic beyond the α = 2 universe M+ = M through t0 = 0 to include points with
negative cosmological times.
Figure 2 depicts part of the extension M of the Robertson-Walker cosmology
with power law scale factor a(t) = t2, i.e., α = 2. From Eq. (109) the boundary
M0 of the Fermi chart in (τ, ρ) coordinates is,
ρMτ =
√
pi Γ( 1+α2α )
Γ( 12α )
τ =
√
pi Γ( 34 )
Γ( 14 )
τ ≈ 0.6τ. (117)
The Milne Universe (α = 1) in (τ, ρ) coordinates, whose boundary satisfies
ρMτ = τ , is superimposed for comparison only.
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Remark 11. It can be shown for two dimensional power law cosmologies with
α ≥ 1, using Eqs. 115 and 116, that M0 parameterized as (τ,±ρMτ ) is both
geodesic with affine parameter τ and lightlike (see Theorem 9).
For another class of examples, consider a Robertson-Walker cosmology with
cosmological constant Λ > 0, curvature parameter k = 0, and an equation
of state for a perfect fluid of the form, p = (γ − 1)ρ, where for our present
purposes only, p is pressure, ρ is energy density, and 1 ≤ γ ≤ 2 is a constant.
For a universe with positive cosmological constant and with matter alone, γ = 1.
For radiation but no matter, γ = 4/3. The scale factor is then determined [41]
by the Einstein field equations as,
a(t) = A
[
sinh
(
3
2
√
Λ
3
γ t
)]2/3γ
, (118)
for a constant A. It can be shown that the scale factors given by Eq.(118)
satisfy the hypotheses of Theorems 8 and 13 for k = 0, except that a(t) is not
inflationary near t = 0. However, if γ < 2/3, in which case the pressure of the
perfect fluid is negative, then all the hypotheses are satisfied. For a scale factor
that takes the form Eq.(118) with γ < 2/3 close to the big bang at t0 = 0,
later evolving into a scale factor with the same form but with 1 ≤ γ ≤ 2, the
conditions of Theorems 8 and 13 can be satisfied, and so the cosmologies can
be extended as indicated by those theorems.
9 Conclusions
We have constructed geometric extensions of Robertson-Walker cosmologies by
extending all spacelike geodesics orthogonal to a comoving observer through
and beyond the big bang. Such extensions are possible because, under general
conditions, spacelike geodesics with different initial points along a comoving ob-
server’s worldline do not intersect [14, 15]. Although the extension M→M is
geometric and coordinate independent, Fermi coordinates are particularly well
suited for the construction because the spacelike geodesics are coordinate curves
in Fermi coordinates.
In the construction ofM, the geometry ofM−, the submanifold of pre-big bang
points, is a priori arbitrary, but it is natural to restrict the geometry by imposing
as much regularity on the Fermi metric across the big bangM0 as possible, and
to examine the restrictions on the scale factor required to achieve that regularity.
The metric in the extended Fermi coordinates is given by Eq.(104), and in polar
form, may be expressed as,
ds2 = gττ (τ, ρ)dτ
2 + dρ2 + gθθ(τ, ρ)dθ
2 + gφφ(τ, ρ, θ)dφ
2. (119)
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Under the assumptions we make for a(t), gττ is continuously differentiable on
M0, and with the curvature parameter k = 0, gθθ and gφφ are continuous there
(and the metric is otherwise smooth on M). In general greater smoothness is
not possible, but even this degree of regularity necessarily constrains the geom-
etry of M−. For a scale factor with nonvanishing nth derivative at t = 0, the
coefficients gθθ and gφφ necessarily vanish on M0 by Corollary 1 which gives
the big bang a two dimensional structure.
The restrictions on the scale factor a(t) needed to accomplish this regularity
across the big bang are broadly consistent with observations. In addition to
spatial flatness, the main restriction is that a(t) is increasing (so that the uni-
verse is expanding) and that a¨(t) > 0 in a neighborhood of the big bang, i.e.,
inflation occurred right after the big bang.8
Additional restrictions are also needed. Regularity of the scale factor (see Defi-
nition 1) may be understood in terms of the Hubble parameter, H(t) = a˙(t)/a(t)
and the deceleration parameter q defined by,
q = −a(t)a¨(t)
a˙(t)2
. (120)
Definition 1c may be expressed as q ≥ −1 which is equivalent to the condition
that H(t) is a non increasing function of t. In terms of the dimensionless den-
sity parameters, ΩM ,ΩR,ΩΛ for mass, radiation (and relativisitic matter), and
cosmological constant, respectively, q may written as,
q =
1
2
(ΩM − 2ΩΛ + 2ΩR). (121)
Since each of the densities takes values between 0 and 1, it follows from Eq.(121)
that q ≥ −1. We require in addition that |q| be bounded for all t, but with no
restrictions on the size of the bound. The present value, q0, has been measured
as −0.58 by the Supernova Cosmology Project [43]. With this restriction for
the spatially flat case, k = 0, it follows from Theorem 14 that the metric tensor
is continuous across M0.
The remaining restriction we place on the scale factor for Theorems 8, 12, and
13 may be understood in similar terms. By Remark 9, a sufficient additional
condition for the inequality Eq. (105) is that a˙(t), regarded as a scale factor
itself, is strongly regular, so that its own deceleration parameter is bounded.
In the two dimensional case (or on submanifolds of M with fixed angular co-
ordinates), Theorem 9 shows that the cosmological time zero submanifold M0
8The condition ∞ > a˙(0+) > 0 may be substituted for inflation near the big bang.
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is lightlike. The proof makes use of the relationship between the geometry of
Robertson-Walker cosmologies and geometrically defined relative velocities pre-
viously developed.
Not included in our extended cosmologiesM are spacetime points corresponding
to τ = 0 with ρ = 0, formally the spacetime point of the comoving observer at
the big bang. Such points must be excluded using the methods we employ here,
but it is perhaps possible that by including multiple extended Fermi charts for
different comoving observers, a point identified as τ = 0 for one observer could
be included in an extended chart of another comoving observer.
10 Appendix
In this appendix we collect the proofs of the theorems and lemmas stated in
Section 5.
Proof of Lemma 3:
Proof. Let τ0 > 0 be fixed. Choose M > 0 so that τ0 < M . We have that
t0(τ0, ρMτ0 ) = 0. Let  > 0, with  < M . Set
δ1 =
1
2
∫ 
0
a(t)√
a2(M)− a2(t)dt. (122)
Since ρMτ is differentiable by Eq.(16), it is continuous in τ , so choose a δ2 so
that |τ − τ0| < δ2 implies that∣∣∣∣∣
∫ τ
0
a(t)√
a2(τ)− a2(t)dt−
∫ τ0
0
a(t)√
a2(τ0)− a2(t)
dt
∣∣∣∣∣ < δ1 (123)
Let δ = min{δ1, δ2,M−τ0} and suppose that |τ−τ0| < δ 6 δ2 and |ρ−ρMτ0 | <
δ 6 δ1. From the triangle inequality,
|ρ− ρMτ0 | =
∣∣∣∣∣
∫ τ
t0
a(t)√
a2(τ)− a2(t)dt−
∫ τ0
0
a(t)√
a2(τ0)− a2(t)
dt
∣∣∣∣∣
=
∣∣∣∣∣
∫ τ
0
a(t)√
a2(τ)− a2(t)dt−
∫ τ0
0
a(t)√
a2(τ0)− a2(t)
dt−
∫ t0
0
a(t)√
a2(τ)− a2(t)dt
∣∣∣∣∣
>
∣∣∣∣∣
∫ t0
0
a(t)√
a2(τ)− a2(t)dt
∣∣∣∣∣−
∣∣∣∣∣
∫ τ
0
a(t)√
a2(τ)− a2(t)dt−
∫ τ0
0
a(t)√
a2(τ0)− a2(t)
dt
∣∣∣∣∣ .
(124)
32
Hence,∣∣∣∣∣
∫ t0
0
a(t)√
a2(τ)− a2(t)dt
∣∣∣∣∣ ≤ ∣∣ρ− ρMτ0 ∣∣+∣∣∣∣∣
∫ τ
0
a(t)√
a2(τ)− a2(t)dt−
∫ τ0
0
a(t)√
a2(τ0)− a2(t)
dt
∣∣∣∣∣ < δ1 + δ1 = 2δ1.
(125)
Now, since a is an even function and |τ − τ0| < δ 6M − τ0 implies that τ < M ,
we have that∫ |t0|
0
a(t)√
a2(M)− a2(t)dt 6
∫ |t0|
0
a(t)√
a2(τ)− a2(t)dt =
∣∣∣∣∣
∫ t0
0
a(t)√
a2(τ)− a2(t)dt
∣∣∣∣∣
< 2δ1 =
∫ 
0
a(t)√
a2(M)− a2(t)dt, (126)
where we used Eq. (125) in the second line. Since∫ |t0|
0
a(t)√
a2(M)− a2(t)dt (127)
defines a strictly increasing function of |t0|, Eq. (126) implies that |t0| < .
Proof of Theorem 3
Proof. From Eq. (51), it suffices to prove continuity of the function f(τ, ρ) ≡
f(τ, t0(τ, ρ)) at any point of the form (τ0, ρMτ0 ) since continuity at all other
points in D follows from smoothness of Fermi coordinates on their original
charts.
We first simplify notation by abbreviating the integrand for the function f(τ, t0)
in Eq.(52) for the case t0 ≥ 0 as follows,
f(τ, t0) =
∫ τ
t0
h(τ, t0, t)dt. (128)
Now define a new function of two independent variables τ and x, by,
f(τ, x) =
∫ τ
x
h(τ, x, t)dt =
∫ τ
x
a¨(t)
a˙(t)2
(√
a2(τ)− a2(x)√
a2(τ)− a2(t) − 1
)
dt (129)
with the restriction τ > x ≥ 0. Since t0(τ0, ρMτ0 ) = 0, our plan of proof is first
to show that f(τ, x) is continuous at any point of the form (τ, 0). Then using
Lemma 3, the composition f(τ, t0(τ, ρ)) must be continuous at any point of the
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form (τ0, ρMτ0 ) in the domain where t0 ≥ 0. It then follows directly from Eq.
(52) and from the easily verified result that f(τ, 0) is a continuous function of τ
that the restriction t0 ≥ 0 may be removed, and the theorem will be established.
If τ ≥ τ0 > 0, we may assume with no loss of generality that x < τ0. Then from
the triangle inequality,
|f(τ, x)− f(τ0, 0)| ≤
∫ τ0
x
|h(τ, x, t)− h(τ0, 0, t)|dt
+
∣∣∣∣∫ τ
τ0
h(τ, x, t)dt
∣∣∣∣+ ∣∣∣∣∫ x
0
h(τ0, 0, t)dt
∣∣∣∣ . (130)
The third term can be made arbitrarily small by choosing x sufficiently close
to zero because h(τ0, 0, t) is integrable. The second term on the right is small
for τ sufficiently close to τ0, uniformly in x according to Lemma 2(a) with
`(t) = a¨(t)/a˙(t)2. The first term on the right side of Eq.(130) can be made
arbitrarily small by choosing τ sufficiently close to τ0 and x sufficiently close
to 0 by using the fact that h is continuous jointly in all its variables and that
h(τ0, 0, t) and h(τ, x, t) are both integrable on (0, τ0).
For the other case, τ < τ0, the right side of Eq. (130) must be modified by
replacing τ0 by τ in the upper limit of integration of the first term, interchanging
τ0 and τ and setting x = 0 in the second term, and leaving the third term
unchanged. All three terms may then be bounded as before. Thus, f(τ, ρ) is
continuous at any point of the form (τ0, ρMτ0 ) and therefore gττ is continuous
on D.
Proof of Lemma 4
Proof. Let τ > 0. First we show that Eq. (55) holds for t0 ∈ (0, τ). Choose
δ > 0 so that [t0− δ, t0 + δ] ⊂ (0, τ). As in the proof of Theorem 3, let h(τ, t0, t)
denote the integrand of Eq. (52). For any ∆t0 with 0 < |∆t0| < δ, we have that
f(τ, t0 + ∆t0)− f(τ, t0)
∆t0
=
∫ τ
t0
h(τ, t0 + ∆t0, t)− h(τ, t0, t)
∆t0
dt−
∫ t0+∆t0
t0
h(τ, t0 + ∆t0, t)
∆t0
dt (131)
By the mean value theorem there exists ζ∆t0 and ξ∆t0 between t0 and t0 + ∆t0
such that ∫ t0+∆t0
t0
h(τ, t0 + ∆t0, t)
∆t0
dt = h(τ, t0 + ∆t0, ζ∆t0), (132)
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and
h(τ, t0 + ∆t0, t)− h(τ, t0, t)
∆t0
= ∂t0h(τ, ξ∆t0 , t)
= − a(ξ∆t0)a˙(ξ∆t0)√
a2(τ)− a2(ξ∆t0)
a¨(t)
a˙(t)2
1√
a2(τ)− a2(t) (133)
So, we can write
f(τ, t0 + ∆t0)− f(τ, t0)
∆t0
= − a(ξ∆t0)a˙(ξ∆t0)√
a2(τ)− a2(ξ∆t0)
∫ τ
t0
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t)
− h(τ, t0 + ∆t0, ζ∆t0) (134)
Now let, ∆t0 → 0, so that ζ∆t0 → t0 and ξ∆t0 → t0. Eq. (55) follows from Eq.
(134) by continuity. Now if t0 ∈ (−τ, 0), we have that
∂t0f(τ, t0) = ∂t0 [2f(τ, 0)− f(τ,−t0)] = ∂t0f(τ,−t0), (135)
which completes the proof since −t0 = |t0|.
Proof of Lemma 5
Proof. (a) By assumption a¨(t)/a˙2(t) > 0 on (0, ). It follows that for any t0 ∈
(0, ),∫ τ
t0
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t) >
1
a(τ)
∫ 
t0
a¨(t)
a˙(t)2
dt+
∫ τ

a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t)
=
1
a(τ)
(
1
a˙(t0)
− 1
a˙()
)
+
∫ τ

a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t) .
(136)
Since the integral on the second line of Eq. (136) is finite, the second line of
Eq. (136) is seen to diverge to ∞ as t0 → 0+. Hence Eq. (56) follows.
(b) Observe first, using regularity, that for 0 < δ < τ ,
∫ τ
δ
a¨(t)
a˙2(t)
dt√
a2(τ)− a2(t) ≤
1
a2(δ)
∫ τ
δ
a(t)√
a2(τ)− a2(t) dt <∞, (137)
by Eq.(14). Now from continuity and since a˙(0+) > 0, the integrand on the left
side is bounded near zero, and the result follows.
Remark 12. The following observation will be useful in what follows. Suppose
that f : [a, b]→ R is continuous, and continuously differentiable on (a, b) except
perhaps at some point x0 ∈ (a, b). If limx→x0 f ′(x) = L exists, then f ′(x0) =
limx→x0
f(x)−f(x0)
x−x0 = L by L’Hoˆpital’s rule. Hence f is in fact continuously
differentiable on (a, b).
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Proof of Theorem 4
Proof. From Eq.(51) it suffices to prove that f(τ, t0(τ, ρ)) = f(τ, ρ) is differen-
tiable with respect to ρ in D, where f(·, ·) is given by Eq. (52). Eq. (58) then
follows from Eq. (51) and the chain rule. First note that from Eq. (49), for
t0 6= 0,
∂t0
∂ρ
= −
√
a2(τ)− a2(t0)
a(t0)
. (138)
For (τ, ρ) 6= (τ, ρMτ ) in D, by Lemma 4, Eq. (138) and the chain rule we have
that,
∂ρf(τ, ρ) = ∂t0f(τ, t0(τ, ρ)) · ∂ρt0(τ, ρ). (139)
It remains to prove that for any τ > 0 that f(τ, ρ) is differentiable with respect
to ρ at (τ, ρMτ ) (i.e. at t0 = 0). To this end, we will prove the existence of the
limit
lim
ρ→ρMτ
∂ρf(τ, ρ) = lim
t0→0
∂t0f(τ, t0(τ, ρ)) · ∂ρt0(τ, ρ). (140)
The desired result will then follow by Remark 12. By Lemma 4,
∂t0f(τ, t0) · ∂ρt0 = −
a(t0)a˙(|t0|)√
a2(τ)− a2(t0)
∫ τ
|t0|
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t)×
−
√
a2(τ)− a2(t0)
a(t0)
= a˙(|t0|)
∫ τ
|t0|
a¨(t)
a˙(t)2
dt√
a2(τ)− a2(t) . (141)
We now consider the two sets of conditions from Lemma 5.
(a) If a˙(0+) = 0 then by Lemma 5 and L’Hoˆpital’s rule,
lim
ρ→ρMτ
∂ρf(τ, ρ) = lim
t0→0
a˙(|t0|)
∫ τ
|t0|
a¨(t)
a˙(t)2
1√
a2(τ)− a2(t)dt
= lim
t0→0
∫ τ
|t0|
a¨(t)
a˙(t)2
1√
a2(τ)−a2(t)dt
1/a˙(|t0|) =
1
a(τ)
(142)
(b) If a˙(0+) > 0 then by Lemma 5,
lim
ρ→ρMτ
∂ρf(τ, ρ) = lim
t0→0
a˙(|t0|)
∫ τ
|t0|
a¨(t)
a˙(t)2
1√
a2(τ)− a2(t)dt
= a˙(0+)
∫ τ
0
a¨(t)
a˙2(t)
1√
a2(τ)− a2(t)dt (143)
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Proof of Theorem 5
Proof. From Eq. (51), it suffices to prove differentiability of the function f(τ, ρ) ≡
f(τ, t0(τ, ρ)) at any point of the form (τ0, ρMτ0 ) since differentiability at all other
points inD follows from smoothness of Fermi coordinates in their original charts.
By Remark 12, differentiability at (τ0, ρMτ0 ) will follow from the existence of
the limit,
lim
τ→τ0
df(τ, t0(τ, ρMτ0 ))
dτ
= lim
τ→τ0
∂f(τ, t0)
∂τ
+ lim
τ→τ0
∂f(τ, t0)
∂t0
∂t0(τ, ρMτ0 ))
∂τ
. (144)
This is established by Lemmas 7 and 8 below which establish the existence of
the limits on the right side of Eq. (144) for an arbitrary τ0 > 0.
Proof of Lemma 6
Proof. To compute ∂f/∂τ in the case that t0 > 0, we make the change of
variable σ = (a(τ)/a(t))2 and find that,
f(τ, t0) = −a(t0)
2
∫ σ(τ)
1
b¨
(
a(τ)√
σ
)(√
σ(τ)− 1√
σ − 1 −
√
σ(τ)√
σ
)
dσ
σ
, (145)
where σ(τ) = (a(τ)/a(t0))
2 and b(t) is the inverse function of a(t). Applying
the Dominated Convergence theorem, we calculate,
∂f
∂τ
(τ, t0) = I1(τ, t0) + I2(τ, t0). (146)
If t0 < 0, then f(τ, t0) = 2f(τ, 0)− f(τ,−t0). Changing the integration variable
to σ again, we find that
f(τ, 0) = −a(τ)
2
∫ ∞
0
b¨
(
a(τ)√
σ
)[√
σ
σ − 1 − 1
]
dσ
σ3/2
. (147)
Applying the dominated convergence theorem we verify Eq. (69). Then by Eq.
(146), we have
∂f
∂τ
(τ, t0) =
∂
∂τ
(2f(τ, 0)−f(τ,−t0)) = 2∂f
∂τ
(τ, 0)−I1(τ,−t0)−I2(τ,−t0). (148)
Proof of Lemma 7
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Proof. First consider τ > τ0. It is easy to show that in this case t0(τ) > 0.
Using the hypotheses and following the notation of Lemma 6 we may bound the
integrand of I1(τ, t0(τ)) as follows,
I[t0(τ),τ ]
∣∣∣∣3 a¨2(t)a(t)a˙4(t) −
...
a (t)a(t)
a˙3(t)
∣∣∣∣
[√
a2(τ)− a2(t0(τ))√
a2(τ)− a2(t) − 1
]
6 (3K2 + C)I[0,τ ]
1
a(t)
[
a(τ)√
a2(τ)− a2(t) − 1
]
6 3K
2 + C
a˙(τ)
I[0,τ ]
a˙(t)/a(τ)√
1− a2(t)a2(τ)
(
1 +
√
1− a2(t)a2(τ)
) , (149)
where I[a,b] is the indicator function for [a, b], and where in the last line we have
used the fact that the Hubble parameter, H(t), is a decreasing function of t, as
in Eq. (38). A direct calculation shows that
lim
τ→τ0
1
a˙(τ)
∫ τ
0
a˙(t)/a(τ)√
1− a2(t)a2(τ)
(
1 +
√
1− a2(t)a2(τ)
)dt
=
1
a˙(τ0)
∫ τ0
0
a˙(t)/a(τ0)√
1− a2(t)a2(τ0)
(
1 +
√
1− a2(t)a2(τ0)
)dt. (150)
So by Eq.(150) and the generalized dominated convergence theorem [40],
lim
τ→τ+0
I1(τ, t0(τ)) = I1(τ0, 0). (151)
Let δ ∈ (0, τ0) and M > τ0. We can assume that τ is sufficiently close to τ0 so
that t0(τ) < δ and τ < M . Using the hypotheses of the lemma we may bound
the integrand of I2(τ, t0(τ)) as follows,
I[t0(τ),τ ]
∣∣∣∣ a¨(t)a˙2(t)
∣∣∣∣
[
a2(τ)√
a2(τ)− a2(t)√a2(τ)− a2(t0) − 1
]
6 I[0,δ]
K
a(t)
[
a2(τ)
a2(τ)− a2(t) − 1
]
+ I[δ,τ ]
∣∣∣∣ a¨(t)a˙2(t)
∣∣∣∣
[
a2(τ)√
a2(τ)− a2(t)√a2(τ)− a2(t0) − 1
]
6 I[0,δ]K
a(δ)
a2(τ)− a2(δ) + I[δ,τ ]D
a2(τ)√
a2(τ)− a2(δ)
a˙(t)√
a2(τ)− a2(t) , (152)
where |a¨(t)/a˙3(t)| 6 D on [δ,M ]. Then by Eq. (152) and the generalized
dominated convergence theorem, we have that
lim
τ→τ+0
I2(τ, t0(τ)) = I2(τ0, 0). (153)
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So by Eqs. (151) and (153) we have that
lim
τ→τ+0
∂f
∂τ
(τ, t0(τ)) = I1(τ0, 0) + I2(τ0, 0) =
∂f
∂τ
(τ0, 0). (154)
If τ < τ0 then t0(τ) < 0 and similar arguments used for the τ > τ0 case above
show that
lim
τ→τ−0
I1(τ,−t0(τ)) + I2(τ,−t0(τ)) = I1(τ0, 0) + I2(τ0, 0). (155)
Using the hypotheses of the theorem we may bound the integrand of Eq. (69)
in a similar way as we did for I1 and I2 and apply the generalized dominated
convergence theorem to calculate
lim
τ→τ0
∂f
∂τ
(τ, 0) =
∂f
∂τ
(τ0, 0). (156)
By Eqs. (155) and (156),
lim
τ→τ−0
∂f
∂τ
(τ, t0(τ))
= lim
τ→τ−0
(
2
∂f
∂τ
(τ, 0)− I1(τ,−t0(τ))− I2(τ, t0(τ))
)
=
∂f
∂τ
(τ0, 0). (157)
Proof of Lemma 8
Proof. A convenient expression for
∂t0
∂τ
, valid for t0 6= 0 is obtained from the
relationship,
ρ =
∫ τ
t0
a(t)√
a2(τ)− a2(t)dt =
∫ τ
0
a(t)√
a2(τ)− a2(t)dt−
∫ t0
0
a(t)√
a2(τ)− a2(t)dt
≡ ρMτ −G(τ, t0). (158)
So by the chain rule,
0 =
dρMτ
dτ
(τ)− ∂G
∂τ
(τ, t0)− ∂G(τ, t0)
∂t0
(τ, t0)
∂t0
∂τ
(159)
or,
∂t0
∂τ
=
√
a2(τ)− a2(t0)
a(t0)
[
dρMτ
dτ
(τ)− ∂G
∂τ
(τ, t0)
]
. (160)
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where dρMτ /dτ is given by Eq.(16) and a calculation shows that,
∂G
∂τ
(τ, t0) = −a(τ)a˙(τ)
∫ t0
0
a(t)
(a2(τ)− a2(t))3/2 dt. (161)
It follows easily from the generalized dominated convergence theorem and the
continuity of ρMτ that
lim
τ→τ0
[
dρMτ
dτ
(τ)− ∂G
∂τ
(τ, t0(τ))
]
=
dρMτ
dτ
(τ0). (162)
By Lemma 4 and Eq. (160),
∂f
∂t0
(τ, t0(τ))
∂t0
∂τ
(τ, t0(τ))
=
a˙(|t0(τ)|)√
a2(τ)− a2(t0(τ))
∫ τ
|t0(τ)|
a¨(t)
a˙2(t)
1√
a2(τ)− a2(t)dt
[
dρMτ
dτ
(τ)− ∂G
∂τ
(τ, t0(τ))
]
.
(163)
We now consider the two conditions from Lemma 5.
(a) If a(0+) = 0, then a calculation using the generalized dominated convergence
theorem [40], L’Hoˆpital’s rule and Eq. (162) shows that
lim
τ→τ0
∂f
∂τ
(τ, t0(τ))
∂t0
∂τ
(τ, t0(τ)) =
1
a(τ0)
dρMτ
dτ
(τ0). (164)
(b) If a(0+) > 0, then a calculation using the generalized dominated convergence
theorem shows that
lim
τ→τ0
∂f
∂τ
(τ, t0(τ))
∂t0
∂τ
(τ, t0(τ))
= a˙(0+)
dρMτ
dτ
(τ0)
∫ τ
0
a¨(t)
a˙2(t)
1√
a2(τ)− a2(t)dt, (165)
and this expression is finite.
Proof of Theorem 6
Proof. By Eq. (58), continuity of a˙(t), and the continuity of
√−gττ established
by Theorem 3, it suffices to show that ∂ρf(τ, ρ) is continuous at points of the
form (τ0, ρMτ0 ) in D. For the duration of this proof, let,
F0(τ, x) = a˙(x)
∫ τ
x
a¨(t)
a˙2(t)
dt√
a2(τ)− a2(t)dt ≡ a˙(x)
∫ τ
x
h(τ, t)dt. (166)
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From Eq.(59), ∂ρf(τ, ρ) = F0(τ, |t0(τ, ρ)|) for ρ 6= ρMτ . When ρ = ρMτ there
are two cases to consider: (a) a˙(0+) > 0 and (b) a˙(0) = 0. For each of these
cases we will define F0(τ, 0) = ∂ρf(τ, ρMτ ) so that F0(τ, x) is defined on the set
{(τ, x) : τ ≥ x ≥ 0}. Since t0(τ, ρ) = 0 if and only if ρ = ρMτ and t0(τ, ρ) is
continuous on D by Lemma 3, it suffices to show that F0(τ, x) is continuous at
(τ0, 0) for any τ0 > 0.
For case (a), denote a˙(0+) by a˙(0) for ease of notation. Then ∂ρf(τ, ρMτ ) =
F0(τ, 0). Since a˙(|t0|) is continuous everywhere, we need only show that
∫ τ
x
h(τ, t)dt
is continuous at (τ, x) = (τ0, 0).
Let τ0 > 0 be fixed and first suppose that τ > τ0. From the triangle inequality
and using Lemma 5(b),∣∣∣∣∫ τ
x
h(τ, t)dt−
∫ τ0
0
h(τ0, t)dt
∣∣∣∣ 6 ∣∣∣∣∫ τ
τ0
h(τ, t)dt
∣∣∣∣
+
∫ τ0
0
|h(τ, t)− h(τ0, t)|dt+
∣∣∣∣∫ x
0
h(τ0, t)dt
∣∣∣∣ . (167)
The first term on the right can be made arbitrarily small for τ sufficiently close
to τ0 by Lemma 2(b). The last term in this inequality can made arbitrarily small
for sufficiently small x by the integrability of h(τ0, t). The middle term can be
made small for all τ sufficiently close to τ0 since h(τ, t) is uniformly continuous
in both variables for τ in a neighborhood of τ0 and t restricted to any interval
of the form [0, τ0− ] for  > 0, and because h(τ0, t) is integrable on [0, τ0]. The
case τ < τ0 is similar.
For case (b), let F0(τ, 0) ≡ limx→0+ F0(τ, x). Then F0(τ, 0) = 1/a(τ) =
∂ρf(τ, ρMτ ) by Theorem 4, so,
|F0(τ, x)− F0(τ0, 0)| ≤ |F0(τ, x)− F0(τ0, x)|+
∣∣∣∣F0(τ0, x)− 1a(τ0)
∣∣∣∣ . (168)
The second term on the right side of Eq.(168) can be made arbitrarily small for
all x sufficiently close to zero. To show that the first term on the right side can
be made arbitrarily small for all (τ, x) sufficiently close to (τ0, 0), we assume
first that τ > τ0 so that,
|F0(τ, x)−F0(τ0, x)| ≤ a˙(x)
∫ τ
τ0
|h(τ, t)|dt+ a˙(x)
∫ τ0
x
|h(τ, t)−h(τ0, t)|dt. (169)
The first term on the right side of Eq.(169) can be made arbitrarily small for
τ sufficiently close to τ0 by Lemma 2(b) and the boundedness of a˙(x). For the
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second term, choose  with 0 <  < τ0 so that in accordance with Lemma 5(a),
a¨(t) > 0 on (0, ). For x < ,
a˙(x)
∫ τ0
x
|h(τ, t)− h(τ0, t)|dt = a˙(x)
∫ τ0

|h(τ, t)− h(τ0, t)|dt
+ a˙(x)
∫ 
x
|h(τ, t)− h(τ0, t)|dt (170)
The first integral on the right side of Eq.(170) is bounded by Lemma 2(b) and
because |h(τ, t)| ≤ |h(τ0, t)| for τ ≥ τ0. Thus the first term on the right converges
to zero uniformly in τ as x→ 0+. By continuity, given any δ > 0, the integrand
in the second term on the right is bounded by a¨(t)a˙2(t)δ for τ sufficiently close to
τ0, independent of x, and then,
a˙(x)
∫ 
x
|h(τ, t)− h(τ0, t)|dt < δa˙(x)
∫ 
x
a¨(t)
a˙2(t)
dt = δ
[
1− a˙(x)
a˙()
]
< δ. (171)
because a˙(t) is increasing on (0, ). The argument for the case that τ < τ0 is
similar. Thus, F0(τ, x) is continuous for τ ≥ x ≥ 0 and it follows that ∂ρf(τ, ρ)
is continuous on D and therefore ∂ρgττ is continuous on D.
Proof of Theorem 7
Proof. By Eq. (62), the smoothness of a(τ), and the continuity of gττ estab-
lished by Theorem 3, we need only show that ∂τ f(τ, ρ) is continuous at points
of the form (τ0, ρMτ0 ) in D.
From Eq.(63) it suffices to show that ∂τf(τ, t0) and ∂t0f(τ, t0)∂τ t0(τ, t0) are
continuous at points of the form (τ0, ρMτ0 ), i.e., exactly at the points where the
function t0 vanishes.
Since t0 = t0(τ, ρ) is continuous on D by Lemma 3, it is sufficient to show that
∂τf(τ, t0) and ∂t0f(τ, t0)∂τ t0(τ, t0) are continuous as functions of τ and t0 at
points of the form (τ, t0) = (τ, 0).
We first consider ∂τf(τ, t0). From Eq.(156), ∂τf(τ, 0) is a continuous function
of τ , so in light of Eq.(66), it is enough to prove that the functions I1(τ, x) and
I2(τ, x) given by Eqs.(67), and (68) and defined on the set {(τ, x) : τ ≥ x ≥ 0},
are continuous at any point of the form (τ0, 0).
To show that I1(τ, x) is continuous at (τ0, 0) we show that the same is true of
42
the integral expression, F1(τ, x) given by,
F1(τ, x) ≡ −a(τ)
a˙(τ)
I1(τ, x)
=
∫ τ
x
[
3
a¨2(t)a(t)
a˙4(t)
−
...
a (t)a(t)
a˙3(t)
](√
a2(τ)− a2(x)√
a2(τ)− a2(t) − 1
)
dt
≡
∫ τ
x
`1(t)
(√
a2(τ)− a2(x)√
a2(τ)− a2(t) − 1
)
dt
≡
∫ τ
x
h1(τ, x, t)dt,
(172)
in analogy with Eq.(129). The proof of continuity of F1(τ, x) at (τ0, 0) proceeds
exactly as in Eq.(130) and the two paragraphs following it, with f replaced by
F1 and h replaced by h1.
We proceed in a similar fashion for the function I2(τ, x). Define
F2(τ, x) ≡ a(τ)
a˙(τ)
I2(τ, x)
=
∫ τ
x
a¨(t)
a˙2(t)
[
a2(τ)√
a2(τ)− a2(t)√a2(τ)− a2(x) − 1
]
dt
≡
∫ τ
x
h2(τ, x, t)dt.
(173)
As a preliminary estimate, we observe that for τ > τ0,∫ τ
τ0
|h2(τ, x, t)|dt <
∫ τ
τ0
∣∣∣∣ a¨(t)a˙2(t)
∣∣∣∣ a2(τ)√a2(τ)− a2(t)√a2(τ)− a2(x) dt
=
a(τ)√
a2(τ)− a2(x)
∫ τ
τ0
∣∣∣∣ a¨(t)a˙2(t)
∣∣∣∣ a(τ)√a2(τ)− a2(t) dt,
(174)
and it follows from Lemma 2(b) that the right side can be made arbitrarily
small for τ is sufficiently close to (but greater than) τ0, and this may be done
uniformly in x for all x sufficiently small.
Now in analogy with Eq.(130), for τ > τ0,
|F2(τ, x)− F2(τ0, 0)| ≤
∫ τ0
x
|h2(τ, x, t)− h2(τ0, 0, t)|dt
+
∣∣∣∣∫ τ
τ0
h2(τ, x, t)dt
∣∣∣∣+ ∣∣∣∣∫ x
0
h2(τ0, 0, t)dt
∣∣∣∣ . (175)
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The third term can be made arbitrarily small by choosing x sufficiently close
to zero because h2(τ0, 0, t) is integrable. The second term on the right is small
for τ sufficiently close to τ0, uniformly in x by Eq.(174) and Lemma 2(b) with
`(t) = a¨(t)/a˙(t)2. The first term on the right side of Eq.(130) can be made
arbitrarily small by choosing τ sufficiently close to τ0 and x sufficiently close
to 0 by using the fact that h2 is continuous jointly in all its variables and that
h2(τ0, 0, t) and h2(τ, x, t) are both integrable on (0, τ0). The case τ < τ0 is
similar. Thus, ∂τf(τ, t0) is continuous on D.
It remains to show that ∂t0f(τ, t0)∂τ t0(τ, t0) is continuous at all points of the
form (τ0, ρMτ0 ). From Eqs. (55) and (160),
∂f
∂t0
(τ, t0)
∂t0
∂τ
(τ, t0)
=
a˙(|t0|)√
a2(τ)− a2(t0)
∫ τ
|t0|
a¨(t)
a˙2(t)
1√
a2(τ)− a2(t)dt
[
dρMτ
dτ
(τ)− ∂G
∂τ
(τ, t0)
]
,
(176)
where
∂G
∂τ
(τ, t0) = −a(τ)a˙(τ)
∫ t0
0
a(t)
(a2(τ)− a2(t))3/2 dt, (177)
and
dρMτ
dτ
(τ) =
a˙(τ)
a(τ)
∫ τ
0
(
1− a(t)a¨(t)
a˙2(t)
)
a(t)dt√
a2(τ)− a2(t) . (178)
As above, it is sufficient to show that the function F3(τ, x) ≡ ∂t0f(τ, x)∂τ t0(τ, x)
defined on the set {(τ, x) : τ ≥ x ≥ 0} is continuous at any point of the form
(τ, x) = (τ0, 0). Using Eq.(166), we may write,
F3(τ, x) =
F0(τ, x)√
a2(τ)− a2(x)
[
dρMτ
dτ
(τ)− ∂G
∂τ
(τ, x)
]
. (179)
The function F0(τ, x) was shown to be continuous at (τ0, 0) in the proof of
Theorem 6 and it is easily shown that the functions in the square brackets
are continuous as well. It follows that ∂t0f(τ, t0)∂τ t0(τ, t0) is continuous at
(τ0, ρMτ0 ).
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